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We study the spin liquid candidate of the spin-1/2 J1-J2 Heisenberg antiferromagnet on the trian-
gular lattice by means of density matrix renormalization group (DMRG) simulations. By applying
an external Aharonov-Bohm flux insertion in an infinitely long cylinder, we find unambiguous ev-
idence for gapless U(1) Dirac spin liquid behavior. The flux insertion overcomes the finite size
restriction for energy gaps and clearly shows gapless behavior at the expected wave-vectors. Using
the DMRG transfer matrix, the low-lying excitation spectrum can be extracted, which shows charac-
teristic Dirac cone structures of both spinon-bilinear and monopole excitations. Finally, we confirm
that the entanglement entropy follows the predicted universal response under the flux insertion.
PACS numbers: 75.10.Kt, 75.10.Jm
Introduction. Quantum spin liquids (QSLs) are ex-
otic phases of matter which remain disordered due to
quantum fluctuations, which in turn give rise to remark-
able properties of fundamental importance, such as frac-
tionalizations, gauge fluctuations, topology, and uncon-
ventional superconductivity [1–4]. However, despite of a
long-running quest, theoretical and experimentally rele-
vant models for enigmatic QSLs are still limited and rare.
Historically, it has been proposed that geometric frus-
trations on the spin-1/2 triangular antiferromagnetic
Heisenberg model (TAFM) could lead to a spin disor-
dered ground state [5]. Although the nearest neigh-
bor TAFM turns out to exhibit a 120◦ magnetic or-
der [6–10], the possibility of increasing the frustration
by adding next-nearest-neighbor (NNN) interactions has
captured much interest in the literature [11–26] for the
J1-J2 TAFM
H = J1
∑
〈i, j〉
Si · Sj + J2
∑
〈〈i, j〉〉
Si · Sj , (1)
where 〈i, j〉 and 〈〈i, j〉〉 respectively denote NN and NNN
bonds. So far, the general consensus is that an interme-
diate region (0.07 . J2/J1 . 0.15) without magnetic
ordering [11–24] is sandwiched between a stripe ordered
phase (J2/J1 & 0.15) [25, 26] and a 120◦ magnetically
ordered phase (0.0 ≤ J2/J1 . 0.07) [6–10]. However, the
underlying physics and precise nature of this intermedi-
ate phase is under an intense debate. For instance, vari-
ational Monte Carlo simulations suggest a gapless U(1)
Dirac QSL [14] as candidates for this intermediate phase.
Density-matrix renormalization group (DMRG) calcula-
tions [16–19] found an indication of a gapped QSL as the
nonmagnetic phase, while its internal structure (e.g. Z2,
chiral) has yet to be determined. In addition, extensive
exact diagonalization calculations fail to find evidence in
support of either theory in the accessible system sizes
[20]. Taken as whole, although a possible QSL phase
has been identified on TAFM, the exact nature of this
intermediate phase remains elusive.
From an experimental point of view, a number of re-
alistic materials are described by anisotropic spin-orbit
interactions on a triangular lattice, which may have re-
lated QSL ground states [27, 28]. For example, a family
of Na-based chalcogenides has been successfully synthe-
sized [29–33], with the effective spin-1/2 Yb3+ ion on
triangular lattice, which shows a promising QSL candi-
date. In particular, the spin dynamics show low-energy
spectral weight accumulating at the K-point of the Bril-
louin zone [31], which is consistent with the U(1) Dirac
spin liquid theory [34, 35]. Other candidate triangu-
lar materials include Cs2CuCl4 [36, 37], organic crys-
tal κ-(BEDTTTF)2Cu2(CN)3 [38, 39], Ba3CuSb2O9 [40],
TbInO3 [41], YbMgGaO4 [42–44], yet determining the
QSL-like nature is far from unambiguous.
In this paper, we unveil the QSL nature of the tri-
angular J1-J2 model by using large-scale DMRG sim-
ulations armed with recently developed state-of-the-art
transfer matrix analysis [45, 46]. We find smoking-gun
signatures of the U(1) Dirac QSL (DSL), which consis-
tently appear in 16 different geometries and/or system
sizes (see Fig. 1 (a) for details). These signatures include:
1) momentum-dependent “excitation spectra”, extracted
from the DMRG transfer matrix [45, 47, 48], which re-
veals gapless modes of the Dirac spin liquid showing re-
cently predicted behavior of both fermion bilinear exci-
tations as well as intricate monopoles [34, 35]; 2) strong
dependence of the energy gap on twisted boundary con-
ditions [45]; 3) universal entanglement entropy response
under flux insertion [46]. These evidences unambiguously
show that the intermediate phase in TAFM is a gapless
U(1) DSL.
Properties of U(1) DSL. Let us begin with a brief
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2review of properties of the U(1) DSL on the triangu-
lar lattice [14, 34, 35, 49]. We begin with rewriting
spin operator in terms of fractional fermionic spinons
~f = (f↑, f↓)T , ~S = ~f†~σ ~f , where the partons ~f are coupled
to a U(1) dynamic gauge field due to the U(1) redun-
dancy. The U(1) DSL can then be realized by putting
spinons in a staggered pi flux mean-field ansatz, whose
band structure will have two Dirac cones located at the
±Q points (valley, black dots in Fig. 1 (b)) of the Bril-
louin zone [14, 50]. The low energy physics of the U(1)
DSL is captured by Nf = 4 QED3, namely there are four
Dirac fermions (two from spins ↑/↓ and two from valleys)
coupled to a dynamic U(1) gauge field. This Nf = 4
QED3 theory may flow into a 2+1D conformal field the-
ory (CFT) in the infrared, therefore the U(1) DSL is a
critical/conformal phase [51–53], which is a close analog
to the familiar spin-1/2 Heisenberg chain in 1+1D [54–
56]. One effective way to detect the U(1) DSL is to mea-
sure its gapless modes. It has been shown that the U(1)
DSL has two types of fundamental gapless modes, namely
fermion (spinon) bilinears and monopoles (of the U(1)
gauge field) [34, 35, 53, 57]. The fermion bilinears are
“particle-hole” excitations of four Dirac fermions, while
monopoles are instantons of the U(1) gauge field. It
is worth emphasizing that both fermion bilinears and
monopoles are gauge invariant, which correspond to lo-
cal operators such as spin ~S, dimer operators ~Si · ~Sj , etc.
Moreover, these critical operators have distinct quantum
numbers (spins, momentum, angular momentum, etc.),
enabling us to detect them directly.
There are in total 16 fermion bilinears [52], which can
be grouped into 1 ⊕ 15, namely SU(4) singlet and ad-
joint. They are distributed at different momenta in the
1st Brillouin zone (BZ) of the triangular lattice (seen in
Fig. 1 (b)). The singlet bilinear is a spin singlet with
zero momentum (Γ point, black #). The 15 adjoint
bilinears can be classified into three types [34]: Type
B1) 3 time-reversal-even spin singlets with momenta lo-
cated at three M points of BZ: M1 (violet 9), M2 (blue9) and M3 (dark-cyan 9). Type B2) 3 time-reversal-
even spin triplets with zero momentum located at the Γ
points (black #) of BZ. Type B3) 9 time-reversal-odd
spin triplets with momenta located at three M points
(9). The quantum numbers of the monopoles in the
U(1) DSL remained elusive for decades until recently
solved in Ref. [34, 35]. There are 6 monopole operators
(which are complex) of two types: Type M1) 3 time-
reversal-odd spin-triplets with momenta located at K±
(red / and magenta .). Type M2) 3 time-reversal-even
spin-singlets with momenta located at the X± points (or-
ange / and gold .). Physically, the condensation of spin-
triplet monopoles will give the familiar 120◦ non-colinear
magnetic order, while the condensation of spin-singlet
monopoles leads to valence bond solid such as
√
12×√12
state [34]. Later we will show that signatures of both the
fermion bilinear and monopole operators have been mea-
sured in our DMRG simulations.
Method. We use infinite-DMRG (iDMRG) [58–60]
to simulate the J1-J2 TAFM wrapped on infinitely long
cylinders. The evidence for DSL excitations is based on
two major improvements in this study. First, we study
different types of cylindrical geometries which correspond
to different ways of wrapping a cylinder. As shown in
Fig. 1(a), we define the YCLy-n cylinders by identifying
the site ~r with the site ~r + Ly~a1 − n~a2 [50]. Here, ~a1/2
are the triangular Bravais lattice primitive vectors, Ly is
the “circumference” of the cylinder, and n amounts to a
shift along the cylindrical direction. Simulating different
geometries not only proves the observed DSL signatures
are robust against finite size effect, but also serves as
a nontrivial check as DSL on different geometries show
qualitatively different behaviors (see supplementary ma-
terials [50]). Second, we carry out a numerical Aharonov-
Bohm experiment by inserting flux θ in the cylinder,
see Fig. 1 (a)). This is implemented by twisted bound-
ary conditions, which modifies interactions crossing the
boundary by a phase factor, e.g. S+i S
−
j e
iθ + S+j S
−
i e
−iθ
with a flux angle θ [61]. With the flux insertion, we can
fully scan the momentum points in the Brillouin zone on
a given geometry and are therefore not limited by finite-
size energy gaps. Furthermore, certain physical quanti-
ties in DSL, such as the entanglement entropy, have a
nontrivial response under flux insertion [46].
In the simulation it is important to keep the ground-
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FIG. 1. Geometry of cylinders in real-space and mo-
mentum points in the 1st Brillouin zone. (a) Three dif-
ferent cylindrical geometries, YC4-0, YC4-1 or YC4-2 [50],
which correspond to identifying site x with site a, b, or
c, respectively. We also insert an Aharonov-Bohm flux in
the hole of the cylinder, which modifies the spin exchange
terms in Hamiltonian Eq. (1) across the boundary (labeled
by dashed lines). (b) The black solid line shows the 1st Bril-
louin zone of the triangular lattice while the brown rectan-
gle is the magnetic Brillouin zone due to the pi-flux in each
unit cell seen by spinons. All characteristic points are la-
beled by (k1, k2) modulo 2pi. Two Dirac points (black dots)
of spinons are located at Q = (pi/2, pi/2) and −Q (details see
[50]). The gauge invariant excitations, fermions bilinears and
monopoles, are locating at high symmetric points, including
Γ = (0, 0); M1 = (±pi, 0) (violet 9), M2 = (0,±pi) (blue 9),
M3 = ±(pi, pi) (dark-cyan 9), K+ = (−2pi/3, 2pi/3) (red /),
K− = (2pi/3,−2pi/3) (magenta .); X+ = (−pi/3, pi/3) (orange
/), X− = (pi/3,−pi/3) (gold .).
3state evolving adiabatically under the flux insertion. In
most cases, the adiabatic flux insertion can be main-
tained, except very close to the Dirac cone (large flux θ),
where accurate iDMRG simulation becomes very chal-
lenging due to the small gap and large entanglement of
the state. Once adiabatic flux insertion fails at large
θ, the iDMRG simulation may suddenly collapse to an
ordered state (or other super-selection sector of ground-
state) [45]. We will not present the data of flux θ for
which adiabatic flux insertion fails, as they do not reveal
any direct information of spin-liquid ground state at zero
flux.
Excitation gap. Previous DMRG studies have found
a considerably large spin gap in the J1-J2 TAFM [17].
However, this is not sufficient to exclude a DSL since
on a cylinder the momentum is discrete, so the gapless
Dirac point may be missed. The flux insertion, which
effectively changes the quantized momentum of spinons,
can make spinons hit Dirac point at specific values of
flux θ [45]. By carefully studying the DSL ansatz incor-
porating the effect of emergent gauge fields [50], we find
that DSL on different cylinder geometries YCLy-n have
distinct θ dependence. If both Ly and n are even, the
DSL is gapless when θ = 2pi (Since spinons are fractional
particles, the flux insertion has 4pi periodicity). For all
other three cases, the system will be gapless at θ = pi or
3pi.
Fig. 2 shows the energy gap as a function of flux θ.
Although the gap is large at θ = 0 [62], we find it sig-
nificantly decreases as θ increases. The sensitivity of the
energy gap is an indication of the gapless DSL: 1) for
a gapped spin liquid the spin gap should have a small
dependence (exponentially in Ly) on the flux; 2) finite
flux drags the momentum lines toward the Dirac points,
thus the gap monotonically reduces. Due to the small
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FIG. 2. Spin excitation gap. (a) Energy gap ∆Sz=0 and
(b) ∆Sz=1 as a function of the inserted flux θ at J2/J1 = 0.12
for YC8-0 (blue #), YC10-0 (blue ), YC8-1 (black ♦) and
YC10-1 (black D) cylinder geometries. The data is collected
using DMRG bond dimension m = 4096 for YC8/10-0 and
6144 for YC8/10-1. (Details please see the supple. mat.[50])
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FIG. 3. Correlation length spectrum. Inverse correla-
tion length 1/ξSz=1 as a function of the flux θ (left column),
momentum k1 (middle column) and momentum k2 (right col-
umn) for the cylinder (a) YC8-0, (b) YC10-0, with m = 6144
and (c) YC8-1, (d) YC10-1 with m = 12288. The lowest-lying
excitations contain spinon-pair at M points and monopole ex-
citations at K± point, the former is denoted by blue 9 while
the latter is denoted by red / and magenta .. It is an artifact
of finite bond dimension that the correlation length is not di-
verging at the Dirac point, and it becomes more severe for the
larger system sizes (see supplementary material [50] for more
discussion).
gap when Dirac points are approached, we are not able
to maintain the adiabatic flux insertion when θ ∼ 1.5pi
for YC2n-2m cylinder, and θ ∼ pi for all other cylin-
ders. There are also truncation effects from the finite
bond dimensions m in iDMRG, which may explain that
the Ly = 10 gap appears larger than the Ly = 8 gap in
Fig. 3. We discuss results for different m in the Supple-
mental Material [50]. The important message is, in all
cases the gap systematically decreases as a function of θ,
and it is consistent with the theoretical expectation that
the finite-size gap of DSL vanishes at i) θ = pi for YC8-1
and YC10-1, ii) θ = 2pi for YC8-0 and YC10-0.
4Correlation-length Spectrum. While the energy
gap is an important indication, the Dirac cone struc-
ture of the energy-momentum resolved spectrum will be
a much stronger evidence of a DSL. So far the study of a
large number of excited states has been very challenging,
but fortunately recent seminal works [45, 47, 48] have un-
covered a relationship between the energy spectrum and
the spectrum of the transfer matrix in tensor-network
formulation, which opens a window to the current prob-
lem.
The essence of this technique simply relies on a famil-
iar fact: the information of excitations is encoded in the
ground state, which can be decoded by measuring corre-
lation functions of various operators. In iDMRG simula-
tions, the information of correlation functions of all op-
erators can be straight-forwardly obtained through the
eigenvalues of the transfer matrix [63]. Each eigenvalue
takes the form λ = eik−1/ξ, where ξ is the correspond-
ing correlation length and k is the momentum along the
iDMRG direction. The momentum around the cylinder
can also be calculated from a revised transfer matrix [45].
The correlation lengths ξ set an upper bound for excita-
tion gaps ∆ (up to a non-universal factor), and for a
Lorentz invariant systems it holds that ∆ ∝ 1/ξ. One
can make this statement precise by an exact mapping
from the iDMRG transfer matrix to the partition func-
tion in the Euclidean path integral [47]. In other words,
if Lorentz (space-time rotation) symmetry is emergent
in the system, the correlation-length spectrum precisely
corresponds to the excitation spectrum of the Hamilto-
nian.
Fig. 3 shows the Sz = 1 correlation-length spectrum
of the J1-J2 TAFM at J2/J1 = 0.12. The left column
shows the spectrum as a function of flux θ. Since θ ef-
fectively changes the quantization of the momenta, we
can then obtain the full dispersion relation as a func-
tion of k1 and k2 in the two right columns. For the
cylinders YC8/10-0 in Fig. 3 (a)/(b) the Dirac cones
at the M2 point (k1, k2) = (0, pi) can clearly be iden-
tified (blue 9), corresponding to fermion bilinear excita-
tions of type B3 discussed above. In addition there are
low lying monopole excitations close to the K± points
(k1, k2) = (−2pi/3, 2pi/3) and (2pi/3,−2pi/3) (red / and
magenta . respectively) of type M1. For the cylinders
YC8/10-1 in Fig. 3 (c)/(d), we again find low lying ex-
citations at the M point (2k1, k2) = (0, pi) (blue 9) and
K-points (2k1, k2) = (2pi/3, 2pi/3), (−2pi/3,−2pi/3) (red
/ and magenta .). These observation of low lying ex-
citations of fermion bilinear and monopole operators is
clear evidence for a U(1) DSL. We note that the lattice
rotation symmetry C6 is broken on the cylinder geome-
try, so its corresponding degeneracy is naturally split. In
the Supplemental Material a total of 16 different cylin-
der geometries are analyzed, which consistently show the
predicted U(1) DSL excitations [50].
Entanglement Entropy. Gapless spin liquids have
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FIG. 4. Scaling behavior of the entanglement entropy.
Entanglement entropy S (blue circles) as a function of flux θ
for (a) YC8-0 (m = 12288) and (b) YC10-0 (m = 8192) cylin-
der geometries. Inset: Fit around minima to Eq. (2), where
f(θ) =
∑Nf
n=1 ln |2 sin [s (θ − θcn) /2]|. We fit the formula with
data labeled by red circles.
nontrivial long-ranged quantum entanglement, in con-
trast to Landau ordered phases. We therefore also
consider the bipartite entanglement entropy, S =
−Trsys(ρsys ln ρsys), where the reduced density matrix
ρsys = Trenv(|Ψ〉〈Ψ|) for the half-cylinder “system”
is constructed by ground-state wave function |Ψ〉 and
traced over the degrees of freedom in the other half-
cylinder “environment”. It was recently proposed that
the entanglement entropy of 2+1D CFT may have a uni-
versal response to an external Aharonov-Bohm flux [64].
In particular, for DSL [46], we expect
S= S0(Ly)−B
Nf∑
n=1
ln
∣∣∣2 sin [s
2
(θ − θcn)
]∣∣∣ , (2)
where S0(Ly) represents the area law part of entropy and
B is a prefactor which may or may not be universal.
Other parameters are universal and can be determined
by the underlying theory: Nf accounts for the number
of flavors of different Dirac spinons, s = 1/2 is the frac-
tional spin carried by Dirac spinons, and θcn corresponds
to the flux value at which the nth Dirac spinon becomes
gapless. This scaling function (Eq. 2) has been success-
ful applied to identify the emergent DSL of the kagome
antiferromagnet [46].
Fig. 4 shows the flux dependence of the entanglement
entropy S at J2/J1 = 0.12, which has a strong depen-
dence on flux θ. This is a hallmark of low energy gapless
excitations. In contrast, a fully gapped state would be
largely insensitive to θ. Moreover, as shown in Fig. 4, the
dependence of S on θ can be fitted by the scaling function
Eq. (2) with parameters Nf = 4, s = 1/2 and θ
c
n = 2pi
for YC2n-0 and θcn = ±pi for YC2n-1. This agrees well
with our theoretical expectation.
Summary and Discussion. By combining large-
scale density-matrix renormalization group simulations
and recent analytical predictions, we study the interme-
diate spin liquid phase on the J1-J2 triangular antifer-
5romagnetic Heisenberg model. Using flux insertion on
different cylinder geometries we demonstrate that the en-
ergy gap of the spin liquid closes, and more importantly
we find the low energy excitations of fermion bilinears
and monopoles of Dirac spin liquid. The simultaneous
appearance of fermion bilinears and monopoles is in fa-
vor of a Dirac spin liquid scenario, as opposed to the
scenario of proximity to an ordered phase. Moreover,
the entanglement entropy response under flux insertion
agrees with a universal scaling law of the Dirac spin liq-
uid. These findings strongly suggest that the interme-
diate phase of the J1-J2 TAFM is a gapless Dirac spin
liquid, rather than a gapped phase such as the Z2 spin
liquid.
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8Supplementary Material for: Dirac Spin Liquid on the Spin-1/2 Triangular Heisenberg
Antiferromagnet
In the Supplementary Material we present details related to mean-field theory of the Dirac spin liquid, the numerical
procedure, and more supporting data. First of all, we restate the low energy theory for Nf = 4 QED3 of the U(1)
Dirac spin liquid on the triangular lattice as well as its finite size effect on different geometries. Secondly, we discuss
the numerical observations of even/odd sector states and weak nematic ordering of the groundstate. At last, we
show additional data of transfer-matrix spectrum, entanglement entropy and gaps for total simulated 16 different
geometries and/or system sizes.
U(1) Dirac spin liquid on the triangular lattice
We fractionalize spin operators into fermionic partons,
~S = ~f†~σf , ~f† = (f†↑ , f
†
↓). The U(1) Dirac spin liquid
(DSL) can be described by a mean-field ansatz,
HMF = −
∑
〈ij〉
∑
σ=↑/↓
[(−1)sijf†i,σfj,σ + h.c.]. (3)
(−1)sij is chosen to give a pi/0 flux on the up/down trian-
gles. One can find a band structure of two Dirac cones in
the 1st Brillouin zone. Therefore, the low-energy theory
of this state is described by Nf = 4 QED3.
Once we put U(1) DSL on a finite-width and infinite-
length cylinder, there are several subtle finite size effects,
which can be understood in the mean-field theory. First,
the cylinder may trap an extra flux φ = 0 or pi from the
emergent U(1) gauge field [45]. The value of φ will be
energetically determined. Second, we note that there is
an even-odd effect for the mean-field ansatz. As shown
in Fig. S1, cylinders with even and odd circumference
Ly should have different gauge configurations. Next, we
solve band structure with an additional phase eiσθ/2+iφ
for the hoppings across the boundary in axis ~a1, where θ
is the external Aharonov-Bohm flux inserted in the cylin-
der and the factor σ/2 is due to that f↑/↓ carries ±1/2
spin. So on the YCLy-n cylinders, the properties of the
band structure can be classified according to the even or
oddness of Ly and n. If both Ly and n are even, φ = pi
will be energetically favored, and the fermions become
gapless when θ = 2pi. For the other cases, the system
Even Ly Odd Ly
FIG. S1. U(1) Dirac spin liquid ansatz on the cylindrical ge-
ometry with even/odd width Ly. We have hopping amplitude
−1 on the red bond, 1 on the black bond.
behaves qualitatively similar no matter φ = 0 or pi. The
fermions will become gapless at θ = pi or 3pi, where only
two (instead of four in the thermodynamic limit) Dirac
fermions become gapless.
Even/odd-sector states
It is well known that a topological ordered state has a
number of topological degenerate groundstates once it is
placed on a torus or an infinite cylinder (e.g. see [61]).
Physically all topological sectors can be understood as a
state with gauge fluxes and/or gauge charge lines (i.e.
anyon lines) threaded in the torus or cylinder. Simi-
larly the U(1) DSL also has different groundstate sec-
tors, which we will call as super-selection sectors instead
of topological sectors. The properties of super-selection
sectors of U(1) DSL are not well understood theoreti-
cally, and it will not be pursued here either. In this sec-
tion we will try to clarify some confusion regarding the
topological/super-selection sectors obtained in DMRG
simulations.
For a spin liquid Hamiltonian, DMRG simulations
may yield several different “groundstates” (They are
local minima of the Hamiltonian). However, there
is no a-priori that these “groundstates” are different
topological/super-selection sectors of a spin liquid phase.
One has to conduct a thorough study on these “ground-
states”. For example, for a gapped topological spin liq-
uid one needs to check if the modular matrix calculated
from these “groundstates” agrees with the theoretical
expectation for a topologically ordered phase. Other-
wise one cannot exclude the possibility that different
“groundstates” are the groundstates of different compet-
ing phases.
For the J1-J2 triangular spin liquid, one can obtain
two “groundstates” on the YC2n-0 geometry. Previ-
ous works [16–18, 21] call these two “groundstates” the
even and odd sectors, which pictorially corresponds to
the number of valence bonds which cross a cut through
the system. Their entanglement spectrum is one-fold or
two-fold degenerate respectively, related to the projec-
tive symmetry group of SO(3) spin rotation. Numer-
9ically, we can get even/odd-sector states in the model
without/with a pair of blank sites certer-symmetrically
located at two edge-columns during iDMRG ”warming-
up” steps. As we show here, the odd sector state is clearly
the true groundstate of a U(1) DSL. In contrast, a paral-
lel work [65] reported a large central charge c = 5 for the
even sector state on a finite YC8-0 cylinder with a small
length Lx (The central charge should be calculated in the
1D limit Lx  8, and it is unclear if the observation of
c = 5 could survive in this correct limit). The discrep-
ancy between even and odd sector may be due to that
they are not the topological/super-selection sectors of the
same spin liquid phase, instead they are the groundstates
of two competing phases. We show that the odd sector
states with U(1) DSL behavior of YC2n-0 cylinders are
the correct states to investigate for properties of the J1-
J2 spin liquid. First, the odd sector states have lower
average energies than the even sector states (see Table I)
for all the four sizes we simulated. Second, for other
three cylindrical geometries (YC2n-(2k+1), YC(2n+1)-
2k, YC(2n+ 1)-(2k+ 1)) there is no distinction between
the even and odd sector, as these two sectors are simply
related by a translation symmetry. The groundstates of
these three geometries consistently show clear behavior
of U(1) DSL on 12 different clusters we simulated (see
Section: Additional numerical data).
TABLE I. Lowest even/odd-sector average energy for various
YC2n-0 cylinders at J2/J1 = 0.12 and θ = 0.
Geometry m Even sector Odd sector
YC6-0 1024 −0.5109 −0.5156
2048 −0.5113 −0.5157
4096 −0.5115 −0.5158
YC8-0 1024 −0.5089 −0.5131
2048 −0.5109 −0.5140
4096 −0.5120 −0.5144
YC10-0 1024 −0.5042 −0.5079
2048 −0.5073 −0.5103
4096 −0.5102 −0.5117
YC12-0 1024 −0.5006 −0.5014
2048 −0.5031 −0.5051
4096 −0.5048 −0.5078
We remark that there is a weak (C6 breaking) nematic
ordering in the spin liquid groundstates, namely a small
difference of bond strengths in three inequal directions.
The cylindrical geometry of DMRG breaks C6 symme-
try explicitly, so it is not surprising that a gapless U(1)
Dirac spin liquid weakly breaks C6 [46]. Second, the C6
breaking is weak and it becomes even weaker as we in-
crease the bond dimension (Tab. II). The YC6-0 cylinder
has extremely tiny nematicity, which may come from the
fact that DMRG simulation is fully converged for such a
small Ly.
TABLE II. Discrepancy of bond strengths (subtracted by the
average value ∼ −0.18) in the lowest-energy odd-sector state
for various YCLy-0 cylinders by setting J2/J1 = 0.12 and
θ = 0. They are shown in three inequal directions ~a2, ~a1 and
~a1 − ~a2. The data is accurate to 4 decimal places.
Geometry m ~a2 ~a1 ~a1 − ~a2
YC6-0 1024 0.0002 −0.0004 0.0002
2048 −0.0004 0.0007 −0.0004
4096 −0.0005 0.0011 −0.0005
6144 −0.0006 0.0012 −0.0006
YC8-0 1024 0.0286 −0.0576 0.0290
2048 0.0251 −0.0503 0.0252
4096 0.0227 −0.0455 0.0227
6144 0.0218 −0.0437 0.0219
8192 0.0214 −0.0428 0.0214
12288 0.0210 −0.0419 0.0210
YC10-0 1024 0.0517 −0.1072 0.0555
2048 0.0459 −0.0927 0.0468
4096 0.0404 −0.0818 0.0413
6144 0.0381 −0.0765 0.0384
8192 0.0365 −0.0732 0.0368
YC12-0 1024 0.0682 −0.1481 0.0798
2048 0.0623 −0.1319 0.0696
4096 0.0573 −0.1171 0.0598
6144 0.0534 −0.1093 0.0559
8192 0.0509 −0.1042 0.0533
Additional numerical data
Correlation length spectrum
We have in total simulated 16 different geometries
and/or system sizes. Similar to the 4 clusters shown
in main text, the fermion bilinear and monopole oper-
ators also show up in correlation length spectrum of all
the other 12 clusters. Here provide these data in this
appendix.
YC2n-(2k + 1)
Let us first look at the YC2n-(2k + 1) cylinder. We
have already shown results of YC8-1 and YC10-1 cylin-
ders in the main text, but for comparison we still plot
them together with YC6-1 and YC12-1 ones in Fig. S2.
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For YC6-1 in the panel (a), we can insert the flux adiabat-
ically until the flux θ > 0.3pi. Once a Dirac spin liquid
is put on a small cylinder, it might have an instability
by spontaneously generating massive terms during flux
insertion. Therefore sometimes the numerical adiabatic
change breaks down, but such finite size effect will be
gone in the pure 2+1D limit, so only data is shown where
the ground state remains in the spin liquid state. This
is consistent with our observation that, for a larger sys-
tem size (i.e. YC8-1, YC10-1 and YC12-1), the adiabatic
twist can be maintained even when θ = pi. The trend of
the spectrum is similar to larger system sizes, although
the information of θ ∈ (0, 0.3pi) is not enough for us to
mark the type of its excitations. For other three cylin-
ders, we also find one Dirac cone (low-lying excitations) is
at a M point (2k1, k2) = (0, pi) (M2 or M3 point) and the
other is close to the K± point (2k1, k2) = ±(2pi/3, 2pi/3).
The former correspond to Fermion bilinears and the lat-
ter correspond to monopole operators.
Comparing the correlation length spectrum of various
Ly = 8, 10 and 12, it seems that the larger the system
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FIG. S2. Inverse correlation length 1/ξSz=1 (green ) as a
function of the flux θ (left column), momentum 2k1/pi (mid-
dle column) and momentum k2/pi (right column) for YCLy-1
cylinders by setting J2/J1 = 0.12. We choose bond dimension
(a) m = 4096 for Ly = 6, (b) 12288 for Ly = 8, (c) 12288 for
Ly = 10 and (d) 12288 for Ly = 12 respectively. Specially,
we denote the lowest-lying spinon-pair excitations by blue 9
and monopole excitations by red / and magenta ..
is, the higher the Dirac mode (blue 9) is. We think it is
an artifact from the finite entanglement effect (bond di-
mensions) in iDMRG simulations. For larger system sizes
(Ly), the gapless modes suffers more severe truncation er-
ror, yielding a smaller correlation length at a given bond
dimension. This artifact can be seen in Fig. S3, where
clearly the Dirac mode becomes lower as the bond dimen-
sion increases. On the other hand, to achieve the same
accuracy (truncation error), the required bond dimen-
sion increases exponentially with the circumference of the
cylinder. Table III shows the truncation error for differ-
ent bond dimensions, system sizes and flux. For the large
system size (YC10-1, YC12-1), m = 12288 roughly gives
comparable accuracy as m = 1024 for YC8-1. Therefore,
more care should be taken if one wants to compare the
results between different system sizes.
YC2n-2k
Next we look at the YC2n-2k cylinder. As we dis-
cussed previously, this class of cylinder behaves very dif-
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FIG. S3. Inverse correlation length 1/ξSz=1 (green ) as a
function of the flux θ (left column), momentum 2k1/pi (mid-
dle column) and momentum k2/pi (right column) for YC10-
1 cylinders by setting J2/J1 = 0.12. Bond dimension (a)
m = 2048, (b) 4096, (c) 6144 and (d) 8192 respectively. Spe-
cially, we denote the lowest-lying spinon-pair excitations by
blue 9 and monopole excitations by red / and magenta ..
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TABLE III. Truncation error for various YC2n-1 cylinder by
setting J2/J1 = 0.12. θ = pi has much bigger truncation error
than θ = 0.
m = 1024 m = 6144 m = 12288
YC8-1 (θ = 0) 5.3× 10−5 5.3× 10−6 1.7× 10−6
YC8-1 (θ = pi) 6.5× 10−5 1.1× 10−5 4.5× 10−6
YC10-1 (θ = 0) 1.3× 10−4 2.5× 10−5 1.3× 10−5
YC10-1 (θ = pi) 1.5× 10−4 3.7× 10−5 2.1× 10−5
YC12-1 (θ = 0) 5.8× 10−5 3.4× 10−5
YC12-1 (θ = pi) 7.1× 10−5 4.4× 10−5
ferent than YC2n-(2k+1) discussed above. For the U(1)
Dirac spin liquid, the YC2n-(2k + 1) cylinder hits the
gapless Dirac cone at θ = pi, while YC2n-2k cylinder
hits the gapless Dirac cone at θ = 2pi. Our simulation
on the YC2n-2k cylinder is also consistent with this sce-
nario. For YC6-0, the adiabaticity of the twist can be
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FIG. S4. Inverse of correlation length 1/ξSz=1 (green ) as a
function of the flux θ (left column), momentum k1/pi (middle
column) and momentum k2/pi (right column) for (a) YC6-0,
(b) YC8-0, (c) YC10-0, and (d) YC12-0 cylinders by setting
J2/J1 = 0.12. Bond dimension m = 6144 for all cases. Spe-
cially, we denote the lowest-lying spinon-pair excitations by
blue 9, while monopole excitations by red / and magenta ..
The data is shown for the lowest energy “topological” sector,
namely odd sector (sometimes called spinon sector) [18].
maintained until θ = 1.1pi, after which the system col-
lapses to the other topological sector. For YC8-0, YC10-
0 and YC12-0 cylinders, adiabatic twist can persist until
θ ≈ 1.5pi.
Fig. S4 shows the Sz = 1 correlation length spectrum
of the YC6-0, YC8-0, YC10-0 and YC12-0 cylinders at
J2/J1 = 0.12. We find the lowest modes behave like
the fermion bilinears and monopole operators of U(1)
DSL. Similar to the YC2n-(2k + 1) cylinder, the low-
est modes show a linear dependence with the flux θ.
The lowest-lying fermion bilinear appears at M2 = (0, pi)
point (labeled by (k1, k2)). We do not find spinon-
pair excitations at M1 and M3, which can be under-
stood by the explicitly broken rotation symmetry C6 on a
finite-width and infinite-length cylinder. Importantly, we
also find that one additional branch appears nearby K±
points (k1, k2) = ±(−2pi/3, 2pi/3), signaling the expected
monopole excitations.
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FIG. S5. Inverse of correlation length 1/ξSz=1 (green ) as a
function of the flux θ (left column), momentum 2k1/pi (middle
column) and momentum 2k2/pi (right column) for YCLy-1
cylinders by setting J2/J1 = 0.12. Bond dimension (a) m =
4096 for Ly = 5, (b) 8192 for Ly = 7, (c) 6144 for Ly = 9, and
(d) 4096 for Ly = 11 respectively. Specially, we denote the
lowest-lying spinon-pair excitations by blue 9, while monopole
excitations by red / and magenta ..
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FIG. S6. Inverse of correlation length 1/ξSz=1 (green )
as a function of the flux θ (left column), momentum k1/pi
(middle column) and momentum 2k2/pi (right column) for
(a) YC5-0 and (b) YC7-0 cylinders by setting J2/J1 = 0.12.
Bond dimension m = 2048 for both cases. Specially, we de-
note the lowest-lying spinon-pair excitations by violet 9, while
monopole excitations by red / and magenta ..
YC(2n+ 1)-(2k + 1)
Thirdly, the YC(2n + 1)-(2k + 1) cylinder is basically
the same as YC2n-(2k+ 1). For the YC(2n+ 1)-(2k+ 1)
cylinder, we expect that spinons hit Dirac cones when
θ = pi or 3pi independent of the emergent gauge flux
φ = 0 or pi. In Fig. S5, we plot the Sz = 1 correla-
tion length spectrum as a function of the flux θ, 2k1 and
2k2 respectively. Different from YC2n-(2k + 1) cylin-
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FIG. S7. Inverse of correlation length 1/ξSz=1 (green ) as a
function of the momentum k1/pi (middle column) and momen-
tum k2/pi (right column) for geometry (a)YC8-5 (e.g. “XC”8-
1 [17]) and (b)YC9-2 (“YC”8-2 [16]) by setting J2/J1 = 0.12.
Bond dimension m = 4096 for both cases. Specially, we de-
note the lowest-lying spinon-pair excitations by blue 9, while
monopole excitations by red / and magenta ..
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FIG. S8. Entanglement entropy S as a function of the flux
angle θ (left column) and f(θ) =
∑Nf
n=1 ln |2 sin [s (θ − θcn) /2]|
(right column) for various cylinders: (a) YC8-0, (b) YC10-0
and (c) YC12-0. Bond dimensions m = 2048 (), 4096 (♦),
6144 (D), 8192 (9) and 12288 (×). We do the fitting of data
(red symbols) around minima to the Eq. 2. The best fitting
(blue solid line) give us the coefficient B which is marked in
the panel (d) as a function of m.
der, the adiabatic twist cannot persist to pi due to the
small gap and instability of the state as Dirac cone is
approached. Furthermore, from the momentum-resolved
spectrum we find Fermion bilinears appearing at a M
point (2k1, 2k2) = (0, 0), and monopoles close to the K±
points (2k1, 2k2) = ±(2pi/3,−2pi/3).
YC(2n+ 1)-2k
In Fig. S6, we plot the Sz = 1 correlation length spec-
trum of YC(2n+1)-0 cylinders as a function of the flux θ,
k1 and 2k2 respectively. We find that the spinon-pair ex-
citations appear at (k1, 2k2) = (pi, 0) (M1 or M3 point).
Additionally, monopole excitations appears nearby K±
(k1, 2k2) = ±(−2pi/3,−2pi/3).
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FIG. S9. Entanglement entropy S as a function of the flux
angle θ (left column) and f(θ) =
∑Nf
n=1 ln |2 sin [s (θ − θcn) /2]|
(right column) for various cylinders: (a) YC8-1, (b) YC10-
1 and (c) YC12-1. Bond dimensions m = 1024 (#), 2048
(), 4096 (♦), 6144 (D), 8192 (9) and 12288 (×). We do the
fitting of data (red symbols) around minima to the Eq. 2. The
best fitting (blue solid line) give us the coefficient B which is
marked in the panel (d) as a function of m.
Other geometries
In previous studies, people use different geometries,
such as “XC” geometry as defined in Ref. [17] (left col-
umn of Fig. S7 (a)) and “YC” geometry as defined in
Ref. [16] (left column of Fig. S7 (b)). Therefore, we also
analyze the adiabatic flux insertion for cylinders “XC”8-1
and “YC”8-2 as shown in Fig. S7.
For the “XC”8-1 cylinder (equivalent to the YC8-5
cylinder), the spinon-pair excitations hit Dirac cones
when θ = pi independent of the emergent gauge flux
φ = 0 or pi. In Fig. S7 (a), we find that its Dirac
mode appears at a M point (4k1, k2) = (0, pi) modulo
2pi. Monopole excitations are very close to K± points
(4k1, k2) = ±(−2pi/3, 2pi/3).
“YC” cylinders can be transformed to “XC” by a ro-
tation pi/2 in the xy-plane. For the “YC”8-2 cylinder
(equivalent to the YC9-2 cylinder), the spinon-pair exci-
tations hit a Dirac cone when θ = pi independent of the
emergent gauge flux φ = 0 or pi too. In Fig. S7 (b),
we find that its Dirac mode appears at a M point
(2k1, 4k2) = (0, 0). Monopole excitations are very close
to K± points (2k1, 4k2) = ±(2pi/3, 2pi/3) too.
Scaling behavior of entanglement entropy
In addition to Fig. 4, we show more data of entan-
glement entropy S for the cylinder YCLy-0 (Fig. S8)
and YCLy-1 (Fig. S9). Firstly, we find that Eq. (2)
accurately fits the data around the minimal value of S
for all the geometries and bond dimensions. Secondly,
we notice that the fitting parameter B shows strong
dependence on bond dimension, system geometry, etc..
The strong dependence on bond dimension makes it
hard to draw a conclusion on the question whether B
is a universal quantity or not. However, it is clear that
the entanglement entropy always follows the universal
scaling law conjectured for the U(1) DSL.
Gaps
Gap measurement
We use an algorithm that combines iDMRG and finite
DMRG to calculate the spin gap in Fig. S10. We first
obtain a converged wave-function of an infinitely-long
cylinder using iDMRG “warming-up” steps. And then
we insert a sector of cylinder consisting of Ly × Ly sites
(red cylinder) into the middle of two half-chains. The left
(L) and right (R) semi-infinite cylinder can be considered
as environment (boundary conditions). We further do
sweeps inside the small cylinder and get the lowest energy
E0(S
z = 1) in the Sz = 1 sector and the energy of the 1st
excited state E1(S
z = 0) in the Sz = 0 sector. Finally,
we obtain the gap ∆Sz=1 = E0(S
z = 1)− L2ye0(Sz = 0)
and ∆Sz=0 = E1(S
z = 0) − L2ye0(Sz = 0) where we get
the average energy per-site e0(S
z = 0) during iDMRG
calculations.
L R
FIG. S10. Schematic picture for the gap measurement in
iDMRG.
Gap scaling
In addition to Fig. 2, we show more data for the gap
in Fig. S11. For large enough Ly, the spin gap of a DSL
at θ = 0 decreases with the circumference size Ly as
∆Sz=1 ∼ vSz=1/Ly, but numerically larger Ly also has
a larger trunctation error from finite bond dimension m,
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which tends to overestimate the spin gap in Fig. 2. A
simple finite size scaling is therefore difficult, if m sets
a larger energy scale. We therefore demonstrate that
the gap value becomes lower with increasing truncated
bond dimension in Fig. S11, which is consistent with a
vanishing gap in the thermodynamic limit (Ly →∞).
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FIG. S11. Dependence of the spin gap ∆Sz=1 (solid line) on
the spin flux θ and the truncated bond dimension m. Data
is taken with J2/J1 = 0.12 on the YC10-1 cylinder. Gener-
ally the estimated gap decreases with the bond dimension m:
For larger the system sizes, the energy scale from truncation
becomes relevant, thereby overestimating the spin gap.
